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12 November 2024

Goals for today:

e Compute integrals of the form [ f(z)dz and ffoo f(x)dz
e Compute integrals of functions with vertical asymptotes

e Use the Comparison Test for integrals to determine whether an improper integral converges
or diverges

Fundamental Theorem of Calculus

If f is continuous on [a,b] and F' is any antiderivative of f, then:

b
/ f(z) dz = F(b) - F(a)

Question: What if f is not continuous, or a = —o0, or b = co?
oo 1
Example: fl =z dx

f(x)

Is this area finite or infinite?




Does this integral ”converge”?
We approach this by computing flf gﬂ% dzx, then taking:

e} t 1 1t 1

x2 t—oo J; @ t—o0 x|y
If f; f(x)dzx exists for all ¢ > a, then:
o) t
/ f(x)de = lim [ f(z)dz if this limit exists.
a t—oo J,

If ftb f(z) dx exists for all + < b, then:

b b
/ f(z)dz = lim / f(x)dz if this limit exists.
—oo t

t——o0

If the limit above exists and is finite, we say the integral converges. If the limit is 00 or does

not exist, we say the integral diverges.

If [*  f(z)dx and [~ f(x)da both converge, we define:

/_O;f(:v)dx:/_;f(x)da:-s-/aoof(x)dx

[° & dx =1, so this integral converges.
Example:

1 ‘1
/ —dz = lim —dz = lim [In|z|] :tlim (Inft] =Injl]) =00 — 0 =00
1 — 00

xr t—o0 1 T t—00

So, this integral diverges.

e Converges if p > 1 (finite)

e Diverges if p <1 (o0)



p-test for integrals:

Ifp>1:
1 1
/ — dx = —— (converges)
1 P p—1
fo<p<i:
<1
/ — dx =00 (diverges)
1 xP
Example:

0 0
/ re¥ dr = lim rzedr uw=uz,du=dr

s t——oo t

0
. 0
= lim [ze"], — | e¥dx
t——o0 Y t

= lim [(ze® —e%)])

= tEIElOO [(0—1) — (te" —€")]

= lim (—1+¢€ —te') =—-1+0-77

t——o0

Note: What is lim;_,_ te!?

t _
lim tet =" —c0-0” = lim j:;.o
t——o0 t——oco e~ 00
. . 1 1
= (L’Hopital’s Rule) = lim - =— =0
t——o00 —e~ —00

Jim (“14ef —te') =-1+0-0=[-1]
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Example:

> ] E | > 1
— _dz = —d —d
/_Ool—l—a:2 o /_Ool+x2 m—i_/o 1122

0 t

:sggloo s 1—|—;C2dz+t1i>rgo 0 1+J,'2

0 ¢
+ lim arctan(x)‘
s t—o0

= lim arctan(zx)

5——00 0

= lim (0 — arctan(s)) + tlim (arctan(t) — 0)

S§——00 — 00

=—(—7/2)+7/2=

Y

1+x2

TRl

A comparison test for integrals:

Suppose f and g are two non-negative continuous functions on [a, 00) such that for all z > a:

f(x) = g(x) =0

/aoof(x)da? > /aoog(a:)dx

o If [ f(x)da converges, so does [ g(x)dax.

o If [ g(x)dx diverges, so does [ f(z)dx.



Example: Show fooo e~ da converges

Comparison Test

o0 2 1 2 o0 2
/ e ” dx:/ e ” dm+/ e * dx
0 0 1

On [1,00), e < e~
t

o 2 oo
/ e’ dx < / e *dr = lim e *dx
1 1 t—00 1

t
= lim ( —e™*
t—00

t—o0 e

1) = lim (fe*t + 671) = 1

v

By the Comparison Test, since floo e Tdxr > floo e~*" dz and the former converges, the latter
does as well, so the area is finite.

Vertical asymptotes:
Example: f25 ﬁ dx There’s a vertical asymptote at x = 2, so f(x) is not continuous, and

we can’t use the Fundamental Theorem of Calculus.

dr u=z—-2,du=dx,ut)=t—2,u(5)=5—-2=3

51 . 51
————dr = lim e
2 Ve —2 t—2+ J, Jxr—2
li /3 Loy = 1 [2v/u]”

= |im = = l1im
-2 Vu ! Mz

t—2+ t—2+

- lim (2\f— Wi— 2) —2V3
t—2+

y




Example:

(integral diverges)

Improper integrals pt. 2:

If f is continuous on [a,b) and has a vertical asymptote at « = b:

-/abf(x) dzx = tli%lf /at f(z)dzx

If f is continuous on (a,b] and has a vertical asymptote at z = a:

b b
/ f(@)dz = lim () dx

t—at t

If f has a vertical asymptote at 2 = ¢ where a < ¢ < b, but is otherwise continuous on [a, b]:

/abf(x)dxIf@)dw/jf@)d:;;

s b
= lim / f(@)dz + lim / flx)dx
a t—ct t

s—c™

In any of those cases, the integral converges if the limit is finite, and diverges if not.



